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Abstract
The main objective of this paper is to study the fractional Hankel transformation and
the continuous fractional Bessel wavelet transformation and some of their basic
properties. Applications of the fractional Hankel transformation (FrHT ) in solving
generalized nth order linear nonhomogeneous ordinary diﬀerential equations are
given. The continuous fractional Bessel wavelet transformation, its inversion formula
and Parseval’s relation for the continuous fractional Bessel wavelet transformation are
also studied.
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1 Introduction
Pathak and Dixit [] introduced continuous and discrete Bessel wavelet transformations
and studied their properties by exploiting the Hankel convolution of Haimo [] and
Hirschman []. Upadhyay et al. [] studied the continuous Bessel wavelet transformation
associated with the Hankel-Hausdorﬀ operator.
Let Lp(R) denote the class of measurable functions of φ on R such that the integral∫
R
|φ(x)|p dt is ﬁnite. Also, let L∞(R) be a collection of almost everywhere bounded func-






|φ(x)|p dx)/p, ≤ p <∞,
ess supx∈R |φ(x)|, p =∞.
The Hankel transformation hμ, [] of a conventional function ϕ ∈ L(R+), R+ = (,∞) is
usually deﬁned by
ϕˆ(y) = (hμϕ)(y) =
∫ ∞

(xy)  Jμ(xy)ϕ(x)dx, x ∈R+,μ ≥ –/, ()








(xy)  Jμ(xy)ϕˆ(y)dy, y ∈R+, ()
where Jμ is the Bessel function of the ﬁrst kind of order μ.
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The fractional Hankel transformation is the generalization of the conventional Hankel
transformation in the fractional order with parameter θ and is eﬀectively used in the de-
sign of lens, analysis of laser cavity study of wave propagation in quadratic refractive index
medium when the system is axially symmetric. The earliest work on the fractional Hankel
transformation was published by Namias in  []. Recently, it has become of impor-
tance in various applications in optics [, ]. Kerr [] has developed a theory of fractional
power of Hankel transforms in Zemanian spaces. We deﬁne a one-dimensional fractional









K θμ(x, y)ϕ(x)dx, ()
where the kernel





 (x+y) cot θ (xy csc θ )  Jμ(xy csc θ ), θ = nπ ,
(xy)  Jμ(xy), θ = π ,
δ(x – y), θ = nπ ,∀n ∈ Z,
and
cθμ =
exp[i( +μ)(π/ – θ )]
sin θ
.
















K θμ(x, y) = exp
[
–i( +μ)(π/ – θ )
]





sin θe –i (x+y) cot θ (xy csc θ )  Jμ(xy csc θ ),
and
hμϕ = hπμϕ = ϕ,
hθ+πμ ϕ = hθμϕ, θ ∈R.
We assume that throughout this paper θ = nπ , n ∈ Z.
From [], wavelets as a family of functions constructed from translation and dilation of






, b ∈R,a > ,
where a is called the scaling parameter whichmeasures the degree of compression or scale
and b is a translation parameter which determines the time location of the wavelet. Shi et
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e –i (x–b) cot θ ,
for all a, b and θ as above.
As per [, ], we deﬁned the fractional Hankel convolution of functions ϕ,ψ ∈ L(R+)
as follows:























(y) = ϕθ (x, y) = e –i (x+y) cot θ
∫ ∞

ϕ(z)Dθμ(x, y, z)dz, ()
and
Dθμ(x, y, z) = cθμe
i





 )(xξ csc θ )  Jμ(xξ csc θ )
× (yξ csc θ )  Jμ(yξ csc θ )(zξ csc θ )  Jμ(zξ csc θ )dξ
=
μ– 
μ– cθμe i (x+y+z) cot θ
(xyz)μ–/√π
(μ + /) , ()
where 
(x, y, z) denotes the area of a triangle with sides x, y, z of such a triangle exists and
zero otherwise. Clearly, |Dθμ(x, y, z)| ≥  and is symmetric in x, y, z.
Now, setting ξ = , we have
∫ ∞

∣∣Dθμ(x, y, z)∣∣zμ+/ dz ≤ (xy)μ+/μ
(μ + )|(sin θ )μ+/| ()
for x, y, z ∈R+.




e –i (z+ξ) cot θ (zξ csc θ )  Jμ(zξ csc θ )Dθμ(x, y, z)dz
= e i (x+y–ξ) cot θ ξ (–μ–  )(xξ csc θ )  Jμ(xξ csc θ )(yξ csc θ )

 Jμ(yξ csc θ ).
Lemma . If ϕ ∈ L(R+), then
∥∥x–μ–/(τ θx ϕ)(y)∥∥L ≤ |(sin θ )μ+/|μ
(μ + )‖ϕ‖L .










using (), we have
∣∣(τ θx ϕ)(y)∣∣ ≤
∫ ∞

















































∣∣ϕ(z)∣∣ (zx)μ+/|(sin θ )μ+/|μ









∥∥x–μ–/(τ θx ϕ)(y)∥∥L ≤ |(sin θ )μ+/|μ
(μ + )‖ϕ‖L . 
Remark . If ϕ ∈ L(R+), then
∫ ∞







∥∥y–μ–/(τ θy ϕ)(x)∥∥L ≤ |(sin θ )μ+/|μ
(μ + )‖ϕ‖L .
2 Properties of a fractional Hankel transformation
Zemanian [, p.] introduced a function spaceHμ(R+) consisting of all complex-valued





∣∣xm(x–D)k[x–μ–/ϕ(x)]∣∣ <∞, ∀μ ∈R,m,k ∈N. ()
Deﬁnition . (Test function spaceHμ,θ (R+)) The spaceHμ,θ (R+) is deﬁned as follows: ϕ
is a member of Hμ,θ (R+) if and only if it is a complex-valued C∞-function on R+ and for
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every choice ofm and k of non-negative integers, it satisﬁes
ϒθm,k(ϕ) = sup
x∈R+
























where the constants al depend only on μ and parameter θ . On Hμ,θ (R+), we consider the
topology generated by the family {ϒθm,k}m,k∈N of seminorms.
Proposition . Let K θμ(x, y) be the kernel of the fractional Hankel transformation. Then
(i) rμ,xK θμ(x, y) =
(
–y csc θ










)r(hθμϕ)(y) and ϕ ∈Hμ(R+),
where *μ,x = [ d





x ) – i cot θ – x
 cot θ ] and is known as a fractional
Bessel operator with parameter θ .
Proof See []. 
Example . hθμ[(*μ,x)rδ(x – c)](y) = (–y csc θ )rK θμ(c, y), x, c ∈R+.
The result can be easily shown by using Proposition .(ii).
Proposition . Let ϕ ∈ L(R+). Then ϕˆθμ satisﬁes the following:
(i) ϕˆθμ ∈ L∞(R+) with ‖ϕˆθμ‖L∞ ≤ Aμ,θ‖ϕ‖L ,
(ii) ϕˆθμ(y)→  as y→ +∞ or –∞,
(iii) ϕˆθμ is continuous on R+,
where Aμ,θ is a positive constant depending on μ and θ .
Proof (i) Clearly, ϕˆθμ(y) =
∫∞
 K θμ(x, y)ϕ(x)dx.
So, ‖ϕˆθμ‖L∞ ≤ Aμ,θ‖ϕ‖L .
(ii) From Proposition .(ii), where r = , we have
∣∣ϕˆθμ(y)∣∣ = |(–y csc θ )|
∣∣(hθμ(*μ,xϕ(x)))(y)∣∣→  as y→ ±∞,
although ϕˆθμ(y)→  as y→ ±∞ for every ϕ ∈ L(R+).
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(iii) Let h > , consider
sup
y






eih(h cot θ +y cot θ )
(
x(y + h) csc θ
)/Jμ(x(y + h) csc θ)







∣∣eih(h cot θ +y cot θ )(x(y + h) csc θ)/Jμ(x(y + h) csc θ) – (xy csc θ )/Jμ(xy csc θ )∣∣




∣∣ϕˆθμ(y + h) – φˆθμ(y)∣∣→  as h→ .
This proves that ϕˆθμ(y) is continuous in R+. 
Proposition . (Parseval’s relation) If (y) = (hθμϕ)(y) and (y) = (hθμψ)(y) denote the
fractional Hankel transformations of ϕ(x) and ψ(x) respectively, then
∫ ∞

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If ϕ =ψ , then
∫ ∞

∣∣ϕ(x)∣∣ dx = sin θ ∫ ∞

∣∣(hθμϕ)(y)∣∣ dy. 
3 Applications of the fractional Hankel transformation to generalized
differential equations
Weconsider the generalized nth order linear nonhomogeneous ordinary diﬀerential equa-
tion
Lϕ(x) = f (x), ()




)n + an–(*μ,x)n– + · · · + a(*μ,x) + a,
where an,an–, . . . ,a are constants and *μ,x is as given in Proposition ..
Applying FrHT to both sides of equation (), we have
∫ ∞

K θμ(x, y)Lϕ(x)dx =
∫ ∞




























P(–y csc θ ) . ()





P(–y csc θ )
]
.




)–[( – y csc θ)–(hθμf )(y)].
Example . Using the FrHT, we investigate the solution of the generalized diﬀerential
equation
∂u









∂z = , x≥ , z ≥ , ()
with u(x, z)→  as z → ∞ and x→ ∞, ()
and u(x, ) = f (x), x≥ . ()
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K θ (x, y)u(x, z)dx, ()
where K θ (x, y) is the kernel of FrHT of order zero.





















 (x, y)dx = ,
–y csc θ uˆθ +
duˆθ
dz = ,(
D – y csc θ
)
uˆθ = ,
where D≡ ddz , whose solution is
uˆθ(y, z) = Aezy csc θ + Be–zy csc θ . ()
Taking the FrHT of order zero of (), we have
uˆθ(y, z)→  as z → ∞. ()
Condition () is satisﬁed if we have A = .
Therefore, from ()
uˆθ(y, z) = Be–zy csc θ . ()
Taking the FrHT of order zero of (), we have
∫ ∞

u(x, )K θ (x, y)dx =
∫ ∞

f (x)K θ (x, y)dx,
uˆθ(y, ) = fˆ θ (y),
()
where fˆ θ (y) is the FrHT of zero order of f (x).
Putting z =  in () and using (), we get B = fˆ θ (y).
Hence () reduces to
uˆθ(y, z) = fˆ θ (y)e–zy csc θ .




fˆ θ (y)e–zy csc θK θ (x, y)dy.
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4 The continuous fractional Bessel wavelet transformation
The continuous fractional Bessel wavelet transformation (CFrBWT) is a generalization of
the ordinary continuous Bessel wavelet transformation (CBWT) with parameter θ , that
is, CBWT is a special case of CFrBWT with parameter θ = π . In this section, we deﬁne
the continuous fractional Bessel wavelet transformation and study some of its properties
using the theory of fractional Hankel convolution () corresponding to [].





∣∣(hθμψ)(x)∣∣ dx <∞, μ ≥ –/,
whereCμ,ψ ,θ is called the admissibility condition of the fractional Bessel wavelet and (hθμψ)
is the fractional Hankel transformation of ψ . The fractional Bessel wavelets ψθb,a are gen-
erated from one single function ψ ∈ L(R+) by dilation and translation with parameters





























Lemma . If ψ ∈ L(R+), then
∥∥ψθb,a∥∥L ≤ b(μ+/)a–(μ+/)|(sin θ )μ+/|μ











































































































∥∥ψθb,a∥∥L ≤ b(μ+/)a–(μ+/)|(sin θ )μ+/|μ
(μ + )‖ψ‖L . 
Theorem . Let f ,ψ ∈ L(R+). Then the continuous fractional Bessel wavelet transfor-












 cot θx–μ–  (bx csc θ ) 


























































a ) cot θ
(





t ξa csc θ
)
e –i t cot θ f (t)dt
)





















































 cot θx–μ–  (bx csc θ ) 






















= a–μ sin θ
(























Theorem . If ψ and ψ are two wavelets and (Bθψ f )(b,a) and (Bθψg)(b,a) denote the







































 cot θx–μ–  (bx csc θ ) 






































 cot θx–μ–  (bx csc θ ) 






















 cot θy–μ–  (by csc θ ) 








































e –i (b+y) cot θ (by csc θ )  Jμ(by csc θ )




























e i (b+x) cot θ (bx csc θ )  Jμ(bx csc θ )
(
hθμ
)–(e i (–a)y cot θy–μ– 




















































































= sin θCμ,ψ,ψ,θ 〈f , g〉. 
Theorem . If ψ is a wavelet and (Bθψ f )(b,a) and (Bθψg)(b,a) are the continuous frac-













 θCμ,ψ ,θ 〈f , g〉.
Proof The proof of Theorem . can be easily deduced by setting ψ = ψ = ψ in Theo-
rem .. 





∣∣(Bθψ f )(b,a)∣∣ dbdaa = sin θCμ,ψ ,θ‖f ‖.
Theorem . Let f ∈ L(R+). Then f can be reconstructed by the formula











a , a > .
Proof For any g ∈ L(R+), we have























































































 ((–a)x) cot θx–μ–  (hθμe
–i
 (·) cot θ f )(x)(hθμψ)(ax),
G(x) := e –i ((–a)x) cot θx–μ–  (hθμe
–i
 (·) cot θg)(x)(hθμψ)(ax).

































































































































= sin θa–μ〈F ,G〉.
This completes the proof of the theorem. 
Theorem . If ψ ∈ L(R+) is a Bessel wavelet and f is a bounded integrable function,
then the convolution (ψ θ f ) is a fractional Bessel wavelet, where
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Proof We have








∣∣(ψ θ f )(x)∣∣≤
∫ ∞

∣∣(τ θx ψ)(y)y–(μ+/)f /(y)∣∣∣∣f /(y)∣∣dy,∫ ∞







































∥∥(ψ θ f )(x)∥∥L ≤ |(sin θ )μ+/|μ
(μ + )‖ψ‖L‖f ‖L <∞.




∣∣hθμ(ψ θ f )(x)∣∣ dx
≤ | csc θ |
∫ ∞

∣∣x–μ–/(hμf )(x csc θ )(hμψ)(x csc θ )∣∣ dx









∣∣(hμψ)(x csc θ )∣∣ dx




∣∣(hμf )(x csc θ )∣∣) <∞.
Thus, the convolution function (ψ θ f ) is a fractional Bessel wavelet. 






(b,a) is continuous on R+ ×R+,
(ii)
∥∥(Bθψ f )(b,a)∥∥L∞ ≤ b(μ+/)a–(μ+/)|(sin θ )μ+/|μ
(μ + )‖f ‖L‖ψ‖L .
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Proof (i) Let (b,a) be an arbitrary but ﬁxed point in R+ × R+. Then, by the Hölder in-
equality,























































































































by the dominated convergence theorem and the continuity of Dθμ( ba ,
x
a , z) in the variable b





∣∣(Bθψ f )(b,a) – (Bθψ f )(b,a)∣∣ = .



























Therefore, by the Hölder inequality, we have







































































(μ + )‖f ‖L‖ψ‖L . 
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